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Phase diagram for morphological transitions of wetting films on chemically structured substrates

C. Bauer and S. Dietrich
Fachbereich Physik, Bergische Universita¨t Wuppertal, D-42097 Wuppertal, Germany

~Received 19 August 1999!

Using an interface displacement model we calculate the shapes of thin liquidlike films adsorbed on flat
substrates containing a chemical stripe. We determine the entire phase diagram of morphological phase tran-
sitions in these films as function of temperature, undersaturation, and stripe width.

PACS number~s!: 68.45.Gd, 68.10.2m, 82.65.Dp
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I. INTRODUCTION

At present various experimental techniques allow one
provide substrates with well-defined, microscopically sm
geometrical or chemical structures or combinations ther
~see, e.g., Ref.@1#!. These structured substrates can serve
devices to guide and process tiny amounts of liquids. S
‘‘microfluidics’’ systems@2# are promising for future appli-
cations, e.g., in chemistry and biology@3,4#. Although the
performance of these systems ultimately depends on t
dynamic properties, a thorough understanding of the co
sponding structural properties in thermal equilibrium is
important prerequisite@5#. In this spirit as a paradigmati
case we determine the equilibrium structures of liquidl
wetting films forming at the interface between a bulk vap
phase and a flat solid substrate containing a single chem
stripe~Fig. 1!. Our aim is to explore the entire phase diagra
for the emerging lateral fluid structures as function of te
perature, undersaturation or pressure, and stripe width.

In Ref. @6# it has been shown that a thin liquidlike film
adsorbed on such a substrate~Fig. 1! can undergo an inter
esting morphological phase transition~Figs. 2 and 3! of the
shapel (x) of the liquid-vapor interface, depending on th
structures of the effective interface potentialsL6( l ) charac-
terizing the correspondinghomogeneoussubstrates ‘‘1 ’’
and ‘‘2 ’’ ~see, e.g., Fig. 4!. In accordance with Ref.@6# we
study a substrate designed such that the effective inter
potential L1( l ) of the stripe part exhibits two competin
local minima ~‘‘I’’ near and ‘‘III’’ further away from the
substrate surface! whereas the asymptotic film thicknessl 2

far from the stripe is given by the single global minimu
~‘‘II’’ ! of the interface potentialL2( l ) of the embedding
substrate~see Fig. 4!. In Ref. @6# the phase diagram for thi
morphological phase transition has been determined, at
stant temperatureT, as a function of the stripe widtha and of
the undersaturationDm5m02m>0 where m0(T) is the
chemical potential at liquid-vapor coexistence. The purp
of the present study is to determine how this phase diag
for the morphological phase transition within thea-Dm
plane evolves as a function of temperature. This additio
information is important in order to be able to put the mo
phological phase transitions into the context ofT-Dm wet-
ting phase diagrams, including the prewetting line, on hom
geneous substrates@7#.

We emphasize that experimental techniques such as
flection interference contrast microscopy~RICM! @8# and
atomic force microscopy~AFM! in tapping mode@9# are
PRE 611063-651X/2000/61~2!/1664~6!/$15.00
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capable of imaging the liquidlike structures under consid
ation down to the nm scale. Moreover, due to their relativ
small spatial extensions the structures discussed here are
accessible by Monte Carlo simulations as another means
testing the theoretical predictions. For these envisaged s
ies the knowledge of the full topology of the phase diagr
as a function ofT, Dm, anda is very important.

II. THEORETICAL MODEL

We use the following simple interface displaceme
model within which the equilibrium interface profilel̄ (x)
minimizes the functional:

VS@ l ~x!#5E
A
dx dyL„x,l ~x!…1s lgE

A
dx dyS dl~x!

dx D 2

,

~1!

whereA5LxLy is the area of the flat substrate surface
cated atz50. The first part takes into account the effecti
interaction between the liquid-vapor interface and the s
strate via the laterally varying effective interface potent
L(x,l )5DVbl 1v(x,l ). The second part in Eq.~1! is the
leading-order term of a gradient expansion of the surface
energy associated with the deviation of the liquid-vapor

FIG. 1. Schematic cross section of the morphology of a liqu
like film covering a planar substrate which contains a slab of d
ferent material. In the top view the substrate forms a stripe co
posed of ‘‘1 ’’ particles extending fromx52a/2 to x5a/2. The
substrate is translationally invariant in they direction, with its sur-
face located atz50. l 25 l (uxu→`) is the equilibrium film thick-
ness corresponding to a homogeneous substrate composed of2 ’’
particles. The stripe~embedding! part exerts an effective interfac
potentialL1(L2) on the liquid-vapor interface at the vertical dis
tancez5 l (x). In the case shown here the2 substrate prefers a
thicker wetting film than the1 substrate.
1664 ©2000 The American Physical Society
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PRE 61 1665PHASE DIAGRAM FOR MORPHOLOGICAL TRANSITIONS . . .
FIG. 2. T-Dm phase diagram for the morphological transitions of a liquidlike layer on a chemical stripe~compare Fig. 1!; T* 5kBT/e and
m* 5m/e. Dm50 is the bulk liquid-vapor coexistence line. For the present model the bulk critical temperature isTc* '1.412; the estimated
triple point temperature isTt* '0.8. Thehomogeneoussubstrate composed of ‘‘1 ’’ particles, i.e., corresponding to the stripe, supports
first-order wetting transition at coexistence denoted by ‘‘W’’ (L). The corresponding prewetting line ‘‘P’’~thick dashed line! is attached
tangentially and ends at a prewetting critical point ‘‘C’’ (h). The effective interface potentialsL6 and, as examples, the equilibrium
interface profiles at the thermodynamic statesd denoted as ‘‘a,’’ ‘‘b,’’ ‘‘c,’’ and ‘‘d’’ are shown in Figs. 4–7 fora/s'27.5,6.4,26, and
a/s550, respectively. For ‘‘a,’’ ‘‘b,’’ and ‘‘c’’ these values for the widtha are those for which in these thermodynamic states
morphological phase transition takes place. The coexistence linesDm t(T;a) ~full lines! of the bound and the repelled solutions for fixe
stripe widtha are accompanied by the appertaining valuea/s. For 2Dm.2Dm t the repelled solution and for2Dm,2Dm t the bound
solution is the stable one. The lines of coexistence intersect the axisDm50 at the pointsT0(a) marked asm. Dm t(T;a) joins the bulk
liquid-vapor coexistence curve tangentially withDm t„T→T0(a);a…;„T2T0(a)…d; the numerical data indicate thatd is larger than the
corresponding exponentd53/2 for the prewetting line. Due to this tangential behavior the intersectionsT0(a) occur at lower temperature
than expected visually on the present scale. Therefore we have separately labeled the intersectionsT0(a) by the corresponding values fo
a/s. All lines of coexistence end at a critical point denoted byl. The dash-dotted lines accompanying the line fora55s show the region
within which the fluctuation-induced rounding of the first-order phase transition takes place; fora>10s this rounding effect is not visible
on the present scale. The inset magnifies the region around the prewetting critical point ‘‘C.’’ The meaning of the lines ‘‘i,’’ ‘‘ii,’’ ‘‘iii,’’
‘‘iv’’ is discussed in the main text.
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terface profile from its flat configuration;s lg is the surface
tension.DVb5Dm(r l2rg)1O„(Dm)2

… is the difference of
the bulk free energy densities of the liquid and the va
phase with number densitiesr l andrg , respectively. Alter-
natively, in terms of the bulk pressurep, DVb is given ap-
proximately by the Gibbs-Thomson expressi
kBTr l ln(psat/p) where psat is the saturated vapor pressur
At liquid-vapor coexistenceL(x,l ) is given byv(x,l ) which
is of the form( i>2ai(x)/ l i . Since the substrate is translatio
ally invariant in they direction the effective interface poten
tial depends only onx, so that l̄ (x) is also translationally
invariant in they direction. For reasons of simplicity w
assume that the lateral variation ofv(x,l ) is steplike:
v(x,l )5Q(uxu2a/2)v2( l )1Q(a/22uxu)v1( l ) with the
effective interface potentialv1(v2) of a homogeneoussub-
strate composed of ‘‘1 ’’ ~‘‘ 2 ’’ ! particles. In Refs.@10# and
@11# we have shown that the functional in Eq.~1!—despite
r

.

its simplicity—allows one to determine reliably the morpho
ogy of liquidlike films on structured substrates, and we ha
presented a derivation of this square-gradient functional fr
a microscopic density functional theory. We also found~see
Fig. 11 in Ref.@10#! that the aforementioned steplike vari
tion of v(x,l ) as opposed to its actual smooth lateral var
tion represents a rather reliable approximation. The form
v(x,l ) follows from considering as the interaction potent
between the fluid particles a Lennard-Jones potential wit
depth 2e and an effective particle diameters. Moreover,
also the interaction between the fluid and the substrate
ticles is modeled by a Lennard-Jones potential. The inte
tion potentialV6(z)5( i>3ui

6/zi between a homogeneou
flat ‘‘ 1 ’’ or ‘‘ 2 ’’ substrate and a fluid particle at a distanc
z follows from pairwise summation over all substrate-flu
particle interactions. As extensively discussed in Re
@7,10,11#, density functional theory provides a procedure
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1666 PRE 61C. BAUER AND S. DIETRICH
calculate the dependence of the effective interface poten
L6( l )5DVbl 1v6( l ) on temperatureT and undersatura
tion Dm from the coefficientse,s, andui

6 of the interaction
potentials and the temperature and undersaturation de
dence of the bulk densitiesr l and rg . Here we useu3

1

53.710es3, u4
155.566es4, u9

150.876es9, u3
2

51.892es3, u4
2511.355es4, and u9

250.252es9. For this
choice of parameters the temperature dependence ofv1( l )
for the stripe part is such that a homogeneous ‘‘1 ’’ substrate
exhibits a first-order wetting transition atTw* 5kBTw /e
'1.102 and prewetting transitions along the prewetting l
Dmpre(T),T.Tw , andDm.0, that extends into the vapo
phase region of the phase diagram~thick dashed line denote
as ‘‘P’’ in Fig. 2!. The temperature dependence ofv2( l ) for
the embedding substrate is such that the asymptotic
thicknessl 2 grows with increasingT and shrinks with in-
creasingDm. As it turns out, however, the exact temperatu
dependence and the magnitude ofl 2 are not important for
the qualitative features of the phase diagram for the morp
logical transitions.

The systems under consideration here differ from th
studied in Ref.@12# in two important aspects. First, here th
liquidlike films are so thin that they are completely under t
influence of the substrate potential which determines,inter
alia, the effective interface potential. Second, we conside
grand canonical ensemble without a volume constraint
the liquid phase so that the liquidlike films are not subjec

FIG. 3. The thermodynamic states at which the morpholog
phase transitions take place are located on the surface ‘‘S.’’
lines of coexistence shown as full lines in Fig. 2 are slices thro
this surface ‘‘S’’ at constant values of 1/a. ‘‘S’’ is a surface of
first-order transitions and separates the region where the rep
solution is stable~above ‘‘S’’! from the region where the boun
solution is stable~below ‘‘S’’ !. It is bounded by the prewetting line
~dashed line ‘‘P’’! which lies in the plane 1/a50, by the lineg
~dotted line! of critical points of the morphological phase trans
tions, and by the linea which lies in the planeDm50 indicating
the loci „T0(a),1/a… of the morphological phase transitions at bu
liquid-vapor coexistence. ‘‘W’’ and ‘‘C’’ indicate the first-orde
wetting transition on a homogeneous ‘‘1 ’’ substrate (L) and the
prewetting critical point (h), respectively; both lie in the plane
1/a50. Indicated by the thin line in the front, ‘‘S’’ extends out t
larger values of 1/a where, however, it is increasingly smeared o
by the fluctuation-induced rounding of the morphological pha
transition ~compare Fig. 2!. Due to Tpre(Dm)2Tt(Dm;a→`)
;a21, in terms of 1/a ‘‘S’’ is approximately a ruled surface: one o
the two principal curvatures is very small, vanishing exactly in
limit 1/a→0. The thermodynamic states denoted by ‘‘a,’’ ‘‘b,’’ an
‘‘c’’ ( d, compare Fig. 2! lie on the surface ‘‘S’’ whereas the ther
modynamic state ‘‘d’’ is located above ‘‘S.’’
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instabilities along they direction as observed in, e.g., Re
@12#.

Using a numerical relaxation technique@13# we solve the
two-point boundary value problem for the Euler-Lagran
equation

s lg

d2l ~x!

dx2
5DVb1

]v~x,l !

] l U
l 5 l (x)

with l ~x→6`!5 l 2 ,

~2!

which follows from Eq.~1! by functional differentiation with
respect tol (x). Equation~2! exhibits the structure of a one
dimensional classical mechanical equation of motion in
time-dependent external potential. With the stripe widtha
and the temperatureT fixed, for a wide range of undersatu
rations there are two solutions of Eq.~2! which correspond to
local minima of the functionalVS . One of the solutions is
closely bound to the stripe whereas the other solution is
ther away or even repelled from the stripe as described
Ref. @6#. Figures 4–7 show pertinent examples for the effe
tive potentialsL6 of the two substrate materials and the tw
appertaining solutions of Eq.~2! at three different points of
the phase diagram: Figs. 4, 5, 6, and 7 correspond to
points (T,Dm) indicated by ‘‘a,’’ ‘‘b,’’ ‘‘c,’’ and ‘‘d,’’ re-
spectively, in the phase diagram shown in Figs. 2 and 3.
equilibrium solution l̄ (x) for the profile corresponds to th
global minimum ofVS , and the other solution is metastabl
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e

FIG. 4. ~a! Effective interface potentialL1 of the stripe part
~dotted line! andL2 of the embedding substrate~dashed line! for
the thermodynamic state denoted as ‘‘a’’ in Figs. 2 and 3 (T*
51.1,Dm* 50.005). I, II, and III indicate the local minima ofL6 .
The global minimum ofL6 corresponds to the equilibrium film
thicknessl on a homogeneous ‘‘6 ’’ substrate.L6( l→`) increases
linearly with the slope (r l2rg)Dm. ~b! Equilibrium liquid-vapor
interface profiles for the same thermodynamic state as in~a! and for
the stripe widtha'27.5s for which at this value ofT andDm the
morphological phase transition takes place~see Fig. 3!. Therefore
the value of the functionalVS is the same for both interface profile
shown here. The dotted~dashed! lines indicate the positions of the
extrema ofL1 (L2).
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At a certain valueDm t , for whichVS has the same value fo
both solutions, a phase transition from one interfacial c
figuration to the other takes place. This transition is fi
order because the derivatives ofVS@ l̄ (x)# with respect to
Dm are discontinuous.

As already shown in Ref.@6#, in Eq. ~1! the two contri-
butions toVS compete with each other in minimizing th

FIG. 5. ~a! Same as in Fig. 4~a!, but for T* 51.1 andDm*
50.025, i.e., for the thermodynamic state denoted as ‘‘b’’ in Figs
and 3. The equilibrium interface profiles shown in~b! correspond to
a'6.4s, for which at the given thermodynamic state the morph
logical transition takes place~see Fig. 3!. In contrast to the situation
shown in Fig. 4 the repelled solution is bent towards the subst
and there is only one local minimum~I! of L1 .

FIG. 6. ~a! Same as in Fig. 4~a!, but for T* 51.155 andDm*
'0.0232, i.e., for the thermodynamic state denoted as ‘‘c’’ in Fi
2 and 3 which is located on the line ‘‘ii.’’ The equilibrium interfac
profiles shown in~b! correspond toa'26s, for which at the given
thermodynamic state the morphological transition takes place~see
Fig. 3!. The positions of the minima II ofL1 and III of L2 coin-
cide so that the repelled interface shown in~b! is flat: l rep(x)[ l 2

wherel 2 is the position of both minima II and III.
-
t

whole functional. Depending on the special choices fora, T,
and Dm the cost in free energy for increasing the liqui
vapor interface area is overcompensated by the gain in
energy which follows from occupying the deeper minimu
~I! of L1 near the wall, so that the bound configuration h
the lower free energy. In the opposite case this gain in f
energy is too small to compensate the cost in free ene
from the increased area of the liquid-vapor interface, lead
to a less bound or even repelled interface profile.

III. DISCUSSION OF THE PHASE DIAGRAM

In Fig. 2 the linesDm t(T;a)5m0(T)2m t(T;a) of phase
coexistence between the bound and the repelled config
tion for different stripe widthsa are presented. These line
are vertical cross sections of the full phase diagram show
Fig. 3. For a given stripe widtha the bound~repelled! solu-
tion is stable for 2Dm,2Dm t(T;a) „2Dm.
2Dm t(T;a)…, i.e., below~above! the corresponding line o
phase coexistence. The triangles indicate the intersect
T0(a) between the coexistence linesDm t(T;a) and the bulk
liquid-vapor coexistence lineDm50. At T0(a) the morpho-
logical phase transition occurs at liquid-vapor coexisten
forming the line denoted asa in Fig. 3. Upon increasing the
stripe widtha the lines of coexistence are shifted towards t
prewetting line ‘‘P’’ without touching or crossing it for any
finite value ofa. ~This means that for largea the lines of
coexistence do not end and reappear at the prewetting
such as, e.g., the prefilling transition lines in a wedge-sha
groove for large opening angles of the wedge@14#.! For con-
stant undersaturationDm we find Tpre(Dm)2Tt(Dm;a
→`);a21 for the difference between the transition tem

2

-

te

.

FIG. 7. ~a! Same as in Fig. 4~a!, but for T* 51.15 andDm*
50.005, i.e., for the thermodynamic state denoted as ‘‘d’’ in Figs
and 3.~b! Shown are the interface profiles for this state and foa
550s. In this case the minimum III ofL1 is deeper than the loca
minimum I because ofT.Tpre . Therefore for all temperature
within the rangeTpre(Dm),T,Tiii (Dm), such as the one chose
here, the repelled solution~full line! is the equilibrium profile~see
Fig. 3! whereas the bound solution~dash-dotted line! is metastable.
The lineTiii (Dm) is shown as the dotted line ‘‘iii’’ in Fig. 2.
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1668 PRE 61C. BAUER AND S. DIETRICH
peraturesTt(Dm;a) for the morphological and the prewe
ting transition. In the limita→` the morphological phase
transition tallies with the prewetting transition on the hom
geneous ‘‘1 ’’ substrate.

On the mean-field level considered hitherto each coex
ence curveDm t(T;a) is a line of first-order transitions end
ing in a critical point„Tc(a),Dmc(a)… ~denoted as full dia-
monds in Fig. 2 and forming the line denoted asg in Fig. 3!
such that atT.Tc(a) or 2Dm,2Dmc(a), for the given
stripe width a there is no morphological transition but
smooth variation from the bound to the repelled solution.
demonstrated by Fig. 2 and its inset the positions of
critical points exhibit a nontrivial and nonmonotonous d
pendence on the stripe widtha; there is no simple criterion
for the effective interface potentialL6 which allows one to
predict the corresponding line of critical points~see the line
g in Fig. 3! as a function ofa. As already pointed out in
detail in Ref.@6#, interface fluctuations along they direction
in this effectively one-dimensional stripe configuration ac
ally smear out the sharp first-order morphological phase t
sitions and thus eliminate the critical points@15#. In Fig. 2
for a55s the width of this fluctuation-induced smooth tra
sition region is indicated by the thin dash-dotted lines. F
a>10s these fluctuation effects are already negligibly sm
apart from the close vicinity of the critical points which a
still eliminated for any finitea. However, in the limita
→` the coexistence linesDm t(T;a) merge with the prewet-
ting line ‘‘P’’ ~see Fig. 3! associated with the homogeneo
‘‘ 1 ’’ substrate, which does have a genuine critical po
‘‘C’’ beyond mean-field theory.

The three thermodynamic states denoted as ‘‘a,’’ ‘‘b
and ‘‘c’’ in Figs. 2 and 3 lead to the interface configuratio
shown in Figs. 4, 5, and 6, respectively. The correspond
effective interface potentialsL6( l ) differ with respect to the
number and the relative positions of their local minima. F
temperaturesT,Tpre and small undersaturationsDm,L1( l )
exhibits two local minima~I and III!; an example for this
case is shown in Fig. 4 appertaining to the thermodyna
state denoted as ‘‘a’’ in Fig. 2. This case is analogous to
described in Ref.@6#. At the thin dotted lineDm i(T) denoted
as ‘‘i’’ in Fig. 2 the minimum III of L1 far from the wall
and the maximum ofL1 merge, forming a saddle poin
Dm i(T) ends at the prewetting critical point ‘‘C.’’ Fo
2Dm<2Dm i(T) there is only one local minimum~I! of
L1 . An example for this latter situation is shown in Fig.
corresponding to the thermodynamic state denoted as ‘‘b
Fig. 2. Surprisingly the coexistence linesDm t(T;a) for the
morphological phase transition extend below this line ‘‘i
This shows that the presence of an energy barrier and
second local minimum ofL1 is not a necessary condition fo
the occurrence of the morphological phase transition
scribed here and in Ref.@6#. The thin dotted lineDm i i i (T)
denoted as ‘‘iii’’ is the line at which, analogously, the min
mum I near the wall and the maximum ofL1 merge, form-
ing a saddle point. Both lines ‘‘i’’ and ‘‘iii’’ meet and end a
the critical point ‘‘C’’ of the prewetting transition of a ho
mogeneous1 substrate where both minima I and III and th
maximum ofL1 merge, leaving a single minimum.

At the thin short-dashed lineDm i i (T) denoted as ‘‘ii’’ in
Fig. 2 the positions of the second minimum III ofL1 and of
the minimum II ofL2 coincide. Along this line one of the
-
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solutions of Eq.~2! is completely flat: due todL6 /dl( l
5 l 2)50 Eq. ~2! leads to the trivial solutionl (x)[ l 2 with
d2l (x)/dx2[0. An example for this case is shown in Fig.
which corresponds to the thermodynamic state denoted
‘‘c’’ in Fig. 2. The line ‘‘ii’’ separates the region where the
repelled solution is bent towards the stripe„2Dm
,2Dm i i (T)… from that where it is bent away from the strip
„2Dm.2Dm i i (T)…. We note that the fact that one of th
solutions is completely flat is an artifact of our simplifyin
model assumption thatv(x,l ) varies steplike as a function o
x. In a more realistic model with a smooth lateral variation
the effective interface potential~as used in Ref.@6#! the cor-
responding solution would be almost flat with a small curv
ture. In the system considered here the asymptotic film th
nessl 2 , i.e., the position of minimum II, is always large
than the position of minimum I. However, for low temper
tures there is a line at which the minimum II ofL2 and the
maximumof L1 coincide. This occurs along the thin long
dashed lineDm iv(T) denoted as ‘‘iv’’ in Fig. 2. This line is
the continuation of line ‘‘ii’’ for lower temperaturesT start-
ing at the point where the line ‘‘ii’’ meets the line ‘‘i’’ tan-
gentially. Along this line, too, the repelled solution of Eq.~2!
is constant, i.e.,l (x)[ l 2 . As the line ‘‘ii,’’ also line ‘‘iv’’
separates two regions with different curvature behavior
the repelled solution.

For temperaturesT.Tpre , i.e., on the right side of the
prewetting line P, the minimum III ofL1 is deeper than the
minimum I. The difference between the asymptotic fil
thicknessl 2 corresponding to the minimum II and the deep
minimum III is also smaller than that betweenl 2 and the
local minimum I near the wall. Therefore both contributio
to VS are larger in the case that the interface follows mi
mum I as compared to the case that it follows minimum
so that forT.Tpre the bound solution is always metastab
This situation is shown in Fig. 7 which corresponds to t
thermodynamic state denoted as ‘‘d’’ in Fig. 2. IfT
>Tiii (Dm) L1 exhibits only one local minimum~III ! and
therefore there is only one solution of Eq.~2!, namely, the
repelled one.

IV. CONCLUSION

Within an interface displacement model based on a
croscopic density functional theory we have calculated
entire phase diagram~Figs. 2 and 3! of morphological phase
transitions of wetting films on a substrate with a chemi
stripe ~Fig. 1!. This phase diagram and the correspond
equilibrium interface profiles shown in Figs. 4–7 elucida
the dependence of the morphological phase transitions on
thermodynamic variables temperature and undersatura
~or, equivalently, pressure! as well as on the stripe width
The morphological phase transitions have been put into
context of the prewetting transitions occurring on a homo
neous substrate formed by particles of the stripe materia
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